INTRODUCTION
Solutions to multiobjective problems in reliability-based multi-state system design, operation and maintenance are not unique as they have to satisfy simultaneously various conflicting objectives.
The set of solutions for consideration of the decision maker (DM) forms the Pareto Set 1 in the space of the decision variables, and the Pareto Front 2 in the space of the objectives.
In practice, the solution to a multiobjective optimization problem is found by a search algorithm as a discrete approximation of the Pareto Front, from which the DM has to select one, or more, solutions of preference. For this task to be successful, the DM should be confronted with a relatively small number of solutions representative of feasible alternatives on the Pareto Front.
In this view, visualization techniques can represent valuable tools for analyzing the multidimensional Pareto Front and Set. For two-dimensional (and at times for three-dimensional) problems, it is usually possible to make an accurate graphical analysis of the Pareto Front and Set, but this becomes soon impractical for higher dimensions. Some of the most common techniques proposed for multidimensional visualization are [1] :  Parallel coordinates: A multidimensional point is plotted in a two-dimensional graph, one for the objective functions and one for the decision variables. Each dimension of the original data is transformed into a coordinate in the two-dimensional plot. This is a very compact way of presenting multidimensional information, but it soon loses clarity with large sets of data and the analysis becomes difficult.
 Interactive Decision Maps [7] : Two-dimensional projections of the objective function space are used to display decision maps of contour lines parametrized by a third, colour-associated objective; the process of parametrizing the two-dimensional contours can become timeconsuming and cumbersome when many objectives are involved.
3
Recently, Level Diagrams 3 have been introduced for visualizing multidimensional Pareto Fronts and Sets [2] ; they can be employed a priori, interactively or a posteriori of the optimization process to help the DM defining his or her preferences during the solution selection phase. The visualization is based on a metric distance from an ideal solution which optimizes all objectives simultaneously; a solution colouring procedure can be adopted to visualize the DM preferences.
In the present work, Level Diagrams are drawn for the Pareto Front and Set of a multi-state system redundancy allocation problem of literature which involves three conflicting objectives: system availability to be maximized, system cost and weight to be minimized [8] . The decision variables define the system configurations, each variable indicating the number of components of a particular type allocated in the configuration to provide redundancy.
The Level Diagrams analysis is then exploited for establishing a two-step procedure of reduction of the number of possible solutions represented, which renders it easier for the DM to apply his or her preferences.
The remainder of the paper is organized as follows. Section 16.2 recalls the main ideas behind the Level Diagrams representation and the related procedure [2] . In Section 16.3, the multi-state system redundancy allocation problem of interest is formulated [8] . Section 16.4 reports the analysis of the Pareto Front and Set using Level Diagrams, with the proposed procedure of front reduction. Finally, some conclusions are drawn in Section 16.5.
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LEVEL DIAGRAMS REPRESENTATION OF PARETO FRONTS AND SETS
Pareto Front and Set
Without loss of generality, let us consider a multiobjective minimization problem
is the vector of decision variables, D is the decision space and
is the vector of objective functions.
Generally, there is a set of solutions to (1) dominating all others but among them none is superior.
Dominance is determined by comparing the values of the multiple objectives in correspondence of pairs of solutions: solution
The set 
Level Diagrams
From the discrete set of Pareto solutions obtained by a multiobjective optimization algorithm, the decision maker is called to choose the best solution according to his or her preferences. This task can be quite difficult for high dimensional problems and must be aided by effectively visualizing the results of the multiobjective optimization.
Level Diagrams represent an interesting visualization tool which allows classifying the Pareto solutions according to their distance from the ideal solution, i.e., the one which optimizes all objectives simultaneously [2] . 
THE MULTI-STATE SYSTEM REDUNDANCY ALLOCATION PROBLEM
The redundancy allocation problem (RAP) here considered regards the selection of the system redundancy configuration that maximizes availability and minimizes cost and weight. The system is decomposed in a number of subsystems, for each of which there are multiple component choices to be allocated in redundancy [4] , [2] .
The RAP case study here considered is taken from [8] . The system is made of The three objectives in mathematical terms are:
Availability: In the Level Diagrams of all three objectives, one observes an initial decreasing trend of the norm value up to a minimum and then an increasing trend; this is reasonable, due to the conflict among the objectives. To understand this behaviour, let us consider for example Figure 16 .2-a related to the availability objective: system design configurations of low availability (far from the optimal value) are characterized by small costs and weights (close to the optimal values) and as a result, the values of the 1-norm (7) are large; for values of the system availability increasing towards the optimal value, the norms decrease up to the minimum value, optimal with respect to all three objectives, after which the increase of cost and weight is such that the norms increase as the point in the Pareto Front moves away from the ideal one, optimal with respect to all three objectives.
The Level Diagrams representation allows also a qualitative evaluation of the sensitivity of the results. Looking again at Figure 16 .2 for the system availability objective, one can observe that the absolute value of the slope of the ascending part is larger than in Figure 16 .2-b and Figure 16 .2-c for the cost and the weight objectives, respectively: for example, system availabilities above 0.99 are achieved by rapidly moving away from the ideal point of minimum norm, due to significant cost and weight increases.
An interesting feature is the presence of data clusters in the 1-norm Level Diagram of availability (Figure 16.2) . This is due to the fact that whereas the cost and weight objectives grow "regularly" with increasing availability, the values that this latter objective can take are discontinuous, depending on the discrete redundant configurations which can be devised with different costs and 
Decision Variables
In the case study considered, the decision variables define the system configurations in terms of the subsystem of redundant components. The configuration is contained in a vector of 29 discrete decision variables; each variable indicates the number of components of that particular type present in the configuration. 
Pareto Front and Set Reduction
The Pareto Front and Set generated by a search algorithm often result in a crowded set of dominant 
(16.14)
The results of the reduction performed on the Pareto Front under analysis are plotted in Figure 16 .5:
the Pareto Front is reduced from the original 118 points to 52, with the clusters indeed reduced to individual best points, i.e., those of lowest 1-norm at basically equal availability values. shows, for example, the reduced 1-norm Level Diagram of the availability objective: notice, however, that although the shape is preserved, the clusters of solutions are not reduced to the best performing solutions, i.e., the minimum 1-norm solutions, as in the previous reduction procedure. shown their capabilities of leading to a significant reduction of the solutions to be considered by the decision maker.
